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ABSTRACT

We propose a simple mathematical model describing the mechanism of HSC–based therapy in the case of
immunosuppressive viral infection. Only one virus strain is considered. Our theoretical results are illustrated
by numerical simulations.

INTRODUCTION

Adaptive immune response to viral infection is carried out by lymphocytes [1, 2]. These cells
are virus–specific. They recognize the physical structure of the antigen and react specifically to
given virus strain. B lymphocytes carry out the humoral response—effector B cells (plasma cells)
secrete antibodies that neutralize virus particles in the system.

Cell–mediated (cellular) response is carried out by T lymphocytes [3]—cytotoxic T lympho-
cytes (CTL, CD8+) and T helper cells (Th, CD4+). Cellular response is directed against infected
cells—CTL proliferate and differentiate into effector CTLthat kill infected cells. Th cells are, on
the other hand, responsible for expansion of memory cells [4]—they play a regulatory role in both
humoral and cellular responses.

The ability to establish immunological memory is one of the most important features of the
adaptive immune response. Numbers of virus–specific lymphocytes remain increased even after
the infection is cleared from the system. This results in better responses in following encounters
with the same antigen. Immunological memory is also one of the key factors for viral clearance in
primary infection [3].

Some of viral infections (e.g.HIV, LCMV) impair immune responses by infecting Th lympho-
cytes. This way expansion of memory cells is limited and adaptive immune responses cannot fully
develop. The immune system is reduced to innate and helper–independent responses and can not
achieve viral clearance in this kind of infection.

One of the recent approaches in the search for effective treatment of immunosuppressive viral
infection is to genetically modify human hematopoietic stem cells (HSCs) to create virus–specific
CTL. The idea of HSC–based therapy [5, 6] is to obtain patient’s HSCs, modify them to bear a
concrete T cell receptor and introduce these cells into patient’s thymus. This should create CTL
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specific to given virus strain. Since the creation of these cells is independent of virus stimulation,
the effects of immunosuppression are limited. Moreover, these newly produced CTL have to pass
the selection process in the thymus—autoimmunity is avoided and the therapy should be safe for
the patient.

The HSC–based therapy gives promising experimental results. CTL created from modified
HSCs were capable ofex vivoandin vivosuppression of virus population in humanized laboratory
mice [7, 8]. In the latter experiment, a much stronger adaptive response was observed compared
to control. The depletion of Th cells and spread of infectionwere significantly reduced.

In this paper, we propose a simple mathematical model for HSC–based therapy of immunosup-
pressive viral infection. We consider the cellular immune response for a single–strain infection.
Next, we examine the influence of therapy on interacting populations. Our result are then illus-
trated by numerical simulations.

MATHEMATICAL MODEL

We use the basic model for virus–induced impairment of help [3] with additional equation for
virus dynamics (as in [9]) and additional source termγ describing possible influx of precursors in
Eq. (4). We consider the concentrations of the following populations

• x—uninfected Th lymphocytes,
• y—infected Th lymphocytes,
• v—virus particles,
• w—precursor cytotoxic T lymphocytes,
• z—effector cytotoxic T lymphocytes.

Our model is given by the following system of differential equations

ẋ = λ− dx− βxv, (1)

ẏ = βxv − ay − pyz, (2)

v̇ = ky − uv, (3)

ẇ = γ + cwxy − qwy − b1w, (4)

ż = qwy − b2z. (5)

Initial conditions of the model are assumed to be nonnegative. Parameters (positive) denote
the rates of: production (λ) and natural death (d) of uninfected Th cells, virus infectivity (β),
natural death (a) and effector CTL–mediated destruction (p) of infected cells, production of virus
particles by infected cells (k), natural death of virus particles (u), antigen–dependent proliferation
of precursor CTL (c), differentiation into effector CTL (q), natural death of precursor (b1) and
effector (b2) CTL.

Additional parameterγ denotes the rate of antigen–independent production of virus–specific
precursor CTL in the patient’s thymus. The idea of therapy isto increase this rate of production
by the use of genetically engineered hematopoietic stem cells.

The right–hand sides of Eqs. (1)–(5) are polynomial functions. Therefore, for given initial
conditions, there exist a unique solution of the system [10].

If the basic reproductive ratio of the virusR0 (the average number of newly infected cells pro-
duced by a single infected cell) is less than1, virus particles fail to establish a persistent infection
and our system converges to the following “virus free” equilibrium

x = λ/d, y = 0, v = 0, w = γ/b1, z = 0. (6)

However, if viral replication is strong enough (R0 > 1), persistent infection is established.
“Virus persistence” equilibrium expressions are as follows

y =
u

k
v, (7)
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v =
λ− dx

βx
, (8)

w =
b2z

qy
, (9)

z =
βkx− au

pu
, (10)

andx is a root of a third degree polynomial in the following form

f(x) = Ax3 +Bx2 + (C − qpdγ)x+ (D + qpλγ), A < 0. (11)

It can be shown that our model has at least one stable “virus persistence” equilibrium [11]

Theorem 1. There exists at least onex0 ∈ (0, λ/d) such thatf(x0) = 0 and lim
x→x

−

0

f(x) >

0 > lim
x→x

+

0

f(x).

Proof. Limits at the ends of the interval(0, λ/d) are equal to

lim
x→0+

f(x) = λq(pγ + b2a), lim
x→(λ

d
)−

f(x) = −b1b2
βkλ

ud
(
βkλ

ud
− a).

All of the parameters of the model are positive. Moreover

βkλ

uda
= R∗

0 ≥ R0 > 1,

whereR∗

0 is the basic reproductive ratio of the virus in the absence ofimmune response [9]. Hence

lim
x→0+

f(x) > 0, lim
x→(λ

d
)−

f(x) < 0.

From the intermediate value theorem and the form of the function f(x), we obtain the desired
result. �

The proposed model has only two equilibria (“virus free” and“virus persistence”). However,
the original (non–modified) model for virus–induced impairment of help [3] has an additional
“CTL extinction” equilibrium (for very high rates of viral replication). This equilibrium is not
present in our model, as a consequence of introducing the parameterγ in Eq. (4).

RESULTS OF THERAPY

We will now examine how HSC–based therapy (increase in parameterγ) influences the interacting
populations. In the absence of infection (Eqs. (6)), therapy will only affect the numbers of virus–
specific precursor CTL. Increased precursor CTL count will in turn result in much stronger initial
response to antigen stimulation.

In the case of persistent infection, we get the following results

Theorem 2. For a stable “virus persistence” equilibrium, the increaseof γ results in higher
equilibrium values ofx, w andz, and lower values ofy andv.

Proof. The equilibrium value ofx is given byf(x) = 0 (Eq. (11)). Sincex ∈ (0, λ/d) (Eqs. (6))

df

dγ
= qp(λ− dx) > 0.

Thus, for every stable equilibrium (x0 ∈ (0, λ/d) such thatf(x0) = 0 andlim
x→x

−

0

f(x) > 0 >

lim
x→x

+

0

f(x))

dx0

dγ
> 0. (12)
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We have shown that a small increase inγ results in higher equilibrium value ofx. This is also true
for bigger changes inγ (since the functionf(x) is a third polynomial withA < 0 and at least one
stable equilibrium inx ∈ (0, λ/d)). Now, let’s see how the change inγ affects the equilibrium
values of other populations. From Eq. (12) and Eqs. (7)–(10), we get

dv

dγ
=

dv

dx

dx

dγ
=

−λ

βx2

dx

dγ
< 0,

dy

dγ
=

dy

dv

dv

dγ
=

u

k

dv

dγ
< 0,

dz

dγ
=

dz

dx

dx

dγ
=

βk

pu

dx

dγ
> 0,

dw

dγ
=

b2
qy2

(y
dz

dγ
− z

dy

dγ
) > 0.

�

As it turns out, therapy is beneficial for the patient even after the immune impairing infection
is established (see Table 1). Increased virus–independentCTL production results in restoration
of both CTL populations, reduced Th cell depletion, suppression of viral replication and plasma
viremia. Our theoretical results match those obtained in relevantin vivoexperiment [8].

Table 1. Influence ofγ on interacting populations in stable “virus persistence” equilibrium

CTL production uninfected infected free virus precursor effector
in thymus (γ) Th cells (x) Th cells (y) particles (v) CTL (w) CTL (z)

ր ր ց ց ր ր

NUMERICAL SIMULATIONS

In order to illustrate our theoretical results, we set the initial conditions and parameters of the
model to simulate a viral infection with impaired cellular response

x0 = 1, y0 = 0, v0 = 0.1, w0 = 1, z0 = 0,

λ = 1, d = 1, β = 2, a = 3, p = 5, k = 8,

u = 1, γ = 0.1, c = 1, q = 0.2, b1 = 0.1, b2 = 1.

Then, at a certain point in time (t = 15), therapy is introduced (γ = 1).
The following effects of therapy are illustrated: reduction of Th cell depletion (Fig. (1)), sup-

pression of viral replication (Fig. (2)) and restoration ofcellular response (Fig. (3)).

Figure 1. Reduced Th cell depletion—dynamics of uninfectedTh cells.
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Figure 2. Suppression of viral replication—dynamics of (i)infected Th cells (ii) virus particles.

Figure 3. Restoration of cellular response—dynamics of (i)precursor and (ii) effector CTL.

CONCLUSIONS

Hematopoietic stem cell based therapy gives hope for new effective kind of treatment of im-
munosuppressive infections. There are two major advantages of this approach

(1) Production of virus–specific CTLs is independent of antigen stimulation—the effects of
immunosuppression are limited.

(2) Newly produced cells have to pass the selection process in the thymus—autoimmunity is
avoided.

In this paper we have proposed a mathematical model able to describe important features of
the therapy based on the use of genetically modified HSCs. Theresults of our analyzes match
the outcome of relevantin vivo experiment [8] and confirm the efficacy of the therapy. Exter-
nal, antigen–independent production of CTL should reduce the severity of infection and lead to
restoration of immune responses.

However, our mathematical model only describes a single–strain infection (this is because no
mutation was observed in the relevant experiment [8])—viral evolution may be sufficient to es-
cape the engineered virus–specific CTL response. Therefore, our future research will address the
development of the model describing the therapy of multiple–strain infections.
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