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ABSTRACT

We propose a simple mathematical model describing the mérhaof HSC-based therapy in the case of
immunosuppressive viral infection. Only one virus straiednsidered. Our theoretical results are illustrated
by numerical simulations.

INTRODUCTION

Adaptive immune response to viral infection is carried oytlygnphocytes [1, 2]. These cells
are virus—specific. They recognize the physical structfitbe antigen and react specifically to
given virus strain. B lymphocytes carry out the humoral cese—effector B cells (plasma cells)
secrete antibodies that neutralize virus particles in yiséesn.

Cell-mediated (cellular) response is carried out by T lyogytes [3]—cytotoxic T lympho-
cytes (CTL, CD8+) and T helper cells (Th, CD4+). Cellularpasse is directed against infected
cells—CTL proliferate and differentiate into effector CThat kill infected cells. Th cells are, on
the other hand, responsible for expansion of memory cdlis{dey play a regulatory role in both
humoral and cellular responses.

The ability to establish immunological memory is one of thesmimportant features of the
adaptive immune response. Numbers of virus—specific lyroyties remain increased even after
the infection is cleared from the system. This results indveesponses in following encounters
with the same antigen. Immunological memory is also one@k#y factors for viral clearance in
primary infection [3].

Some of viral infectionsd.g.HIV, LCMV) impair immune responses by infecting Th lympho-
cytes. This way expansion of memory cells is limited and &dajpmmune responses cannot fully
develop. The immune system is reduced to innate and hetplpéndent responses and can not
achieve viral clearance in this kind of infection.

One of the recent approaches in the search for effectiventerd of immunosuppressive viral
infection is to genetically modify human hematopoietimstells (HSCs) to create virus—specific
CTL. The idea of HSC—based therapy [5, 6] is to obtain patetECs, modify them to bear a
concrete T cell receptor and introduce these cells inteptsi thymus. This should create CTL
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specific to given virus strain. Since the creation of thedle &eindependent of virus stimulation,
the effects of immunosuppression are limited. Moreovesémnewly produced CTL have to pass
the selection process in the thymus—autoimmunity is avbatel the therapy should be safe for
the patient.

The HSC-based therapy gives promising experimental ees@fL created from modified
HSCs were capable ek vivoandin vivo suppression of virus population in humanized laboratory
mice [7,8]. In the latter experiment, a much stronger adeptsponse was observed compared
to control. The depletion of Th cells and spread of infecti@re significantly reduced.

In this paper, we propose a simple mathematical model for-H@&€ed therapy of immunosup-
pressive viral infection. We consider the cellular immuasponse for a single—strain infection.
Next, we examine the influence of therapy on interacting padfmns. Our result are then illus-
trated by numerical simulations.

MATHEMATICAL MODEL

We use the basic model for virus—induced impairment of h&]pwnfith additional equation for
virus dynamics (as in [9]) and additional source termescribing possible influx of precursorsin
Eq. (4). We consider the concentrations of the followingydafions
e r—uninfected Th lymphocytes,
y—infected Th lymphocytes,
v—yVirus particles,
w—precursor cytotoxic T lymphocytes,
z—effector cytotoxic T lymphocytes.
Our model is given by the following system of differentialgjions

T = \—dx — Bxv, ()

y = Bav — ay — pyz, (2)

v =ky — uv, 3)

w = v+ cwzry — qwy — byw, (4)
Z = quy — baz. (5)

Initial conditions of the model are assumed to be nonnegatRarameters (positive) denote
the rates of: production\] and natural deathdf of uninfected Th cells, virus infectivity/),
natural deathd) and effector CTL-mediated destructigs) ¢f infected cells, production of virus
particles by infected cells:], natural death of virus particles), antigen—dependent proliferation
of precursor CTL ), differentiation into effector CTL (), natural death of precursob,) and
effector ¢2) CTL.

Additional parametety denotes the rate of antigen—independent production oé-vapecific
precursor CTL in the patient’s thymus. The idea of therapy imcrease this rate of production
by the use of genetically engineered hematopoietic stels cel

The right—hand sides of Eqgs. (1)-(5) are polynomial funttio Therefore, for given initial
conditions, there exist a unique solution of the system.[10]

If the basic reproductive ratio of the virdg, (the average number of newly infected cells pro-
duced by a single infected cell) is less thaivirus particles fail to establish a persistent infection
and our system converges to the following “virus free” eiguilim

z=Ad, y=0, v=0, w=~/b;, z=0. (6)

However, if viral replication is strong enouglR{ > 1), persistent infection is established.
“Virus persistence” equilibrium expressions are as foow
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A —dx
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andz is a root of a third degree polynomial in the following form

f(z) = Ax® 4+ Bx? + (C — qpdy)x + (D + qp)y), A <O. (11)

It can be shown that our model has at least one stable “vinsigpence” equilibrium [11]

Theorem 1. There exists at least ong < (0, A/d) such thatf(zo) = 0 andlim,_, - flz) >
0> 1im$_m$ f(z).

Proof. Limits at the ends of the intervéll, \/d) are equal to

lim f(z) = Aq(py +b2a), lim f(z)= _b1b2@(@ —a).

z—0F z—(3)- ud ° ud

All of the parameters of the model are positive. Moreover

kA
%:R82R0>15

whereRj; is the basic reproductive ratio of the virus in the absendeofune response [9]. Hence
xliréh f(z) >0, mﬁh(r%l)i f(z) <0.

From the intermediate value theorem and the form of the fanct(z), we obtain the desired
result. O

The proposed model has only two equilibria (“virus free” &milus persistence”). However,
the original (non—modified) model for virus—induced impaént of help [3] has an additional
“CTL extinction” equilibrium (for very high rates of viraleplication). This equilibrium is not
present in our model, as a consequence of introducing ttaerEgery in Eq. (4).

RESULTS OF THERAPY

We will now examine how HSC-based therapy (increase in patery) influences the interacting
populations. In the absence of infection (Egs. (6)), thesaitl only affect the numbers of virus—
specific precursor CTL. Increased precursor CTL count witLirn result in much stronger initial
response to antigen stimulation.

In the case of persistent infection, we get the followingihess

Theorem 2. For a stable “virus persistence” equilibrium, the increasé ~ results in higher

equilibrium values of, w andz, and lower values of andwv.

Proof. The equilibrium value of: is given by f(z) = 0 (Eq. (11)). Since: € (0, A/d) (Egs. (6))
df
p =

Thus, for every stable equilibrium:¢ € (0, A/d) such thatf(z¢) =0 andlimz%%_ flz)>0>

hmm—mg f(x)

gp(A —dx) > 0.

d(Eo

o 0 (12)
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We have shown that a small increaseyiresults in higher equilibrium value aof This is also true
for bigger changes iy (since the functiorf (z) is a third polynomial withA < 0 and at least one
stable equilibrium inz € (0, \/d)). Now, let's see how the change inaffects the equilibrium
values of other populations. From Eq. (12) and Egs. (7)+({@0)xet

do_dvds _ Ade _dy _dydv _ude
dy dxdy Bx2dy " dy  dvdy  kdy ’
dz dzdr Bkdx dw by dz dy

by " drdy pudy D Ay qu(ydv Zd7)>0'

O

As it turns out, therapy is beneficial for the patient evepratthe immune impairing infection
is established (see Table 1). Increased virus—indepe@idniproduction results in restoration
of both CTL populations, reduced Th cell depletion, supgigsof viral replication and plasma
viremia. Our theoretical results match those obtainedlgvamtin vivo experiment [8].

Table 1. Influence of; on interacting populations in stable “virus persistenagligbrium

CTL production|| uninfected| infected free virus | precursor| effector
inthymus §) | Thcells ¢) | Thcells ¢) | particles {) | CTL (w) | CTL (2)

/ / N N / /

NUMERICAL SIMULATIONS
In order to illustrate our theoretical results, we set théahconditions and parameters of the
model to simulate a viral infection with impaired cellul@sponse
zo=1, yo=0, vo=0.1, wo=1, 2z =0,
A=1,d=1, =2, a=3, p=5, k=8,

u=1, v=01, c=1, ¢=0.2, by =0.1, by = 1.

Then, at a certain point in time & 15), therapy is introducedy(= 1).
The following effects of therapy are illustrated: reduntif Th cell depletion (Fig. (1)), sup-
pression of viral replication (Fig. (2)) and restoratiorceflular response (Fig. (3)).
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Figure 1. Reduced Th cell depletion—dynamics of uninfedteaells.
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Figure 2. Suppression of viral replication—dynamics ofrffected Th cells (ii) virus particles.
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Figure 3. Restoration of cellular response—dynamics girgrursor and (ii) effector CTL.
CONCLUSIONS

Hematopoietic stem cell based therapy gives hope for nesct@fe kind of treatment of im-
munosuppressive infections. There are two major advastaighis approach
(1) Production of virus—specific CTLs is independent of genti stimulation—the effects of
immunosuppression are limited.
(2) Newly produced cells have to pass the selection proogbeithymus—autoimmunity is
avoided.

In this paper we have proposed a mathematical model ablestride important features of
the therapy based on the use of genetically modified HSCs. r@dts of our analyzes match
the outcome of relevarih vivo experiment [8] and confirm the efficacy of the therapy. Exter-
nal, antigen—independent production of CTL should redbeeseverity of infection and lead to
restoration of immune responses.

However, our mathematical model only describes a singlassinfection (this is because no
mutation was observed in the relevant experiment [8])—h@valution may be sufficient to es-
cape the engineered virus—specific CTL response. Thereforduture research will address the
development of the model describing the therapy of muktiglieain infections.
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